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Explaining flow patterns 

by non-existing solutions 

of the governing equations

Invariant solutions of the governing equations, such as unstable equilibria and periodic orbits, are believed to
serve as elementary building blocks of chaotic fluid flows and to play a major role in the emergence of patterns
and coherent flow structures. Close to a saddle-node bifurcation, when two invariant solutions collide and
annihilate, the flow behavior can closely resemble that of the solution at the bifurcation point, even though the
solution itself does not exist at the studied parameter value. Therefore, patterns and coherent flow structures
may emerge as a result of the dynamics feeling a non-existing invariant solution, a phenomenon called the
‘ghost’ of a solution. We formulate invariant solutions as global minima (zeros) of a non-negative cost function
defined in appropriate search spaces. With this definition of invariant solutions, their ghosts manifest as non-
zero local minima of the cost function in the vicinity of a saddle-node bifurcation: Two global minima (that
represent two invariant solutions) merge through a saddle-node bifurcation and, as the control parameter is
further changed from the bifurcation point, a local minimum is formed which lifts away from zero. Thanks to
recently developed matrix-free algorithms, we are now able to solve the posed minimization problem and,
thereby, compute ghosts of equilibria and periodic orbits in very high-dimensional problems including 3D fluid
flows. We converge and continue properties of ghosts in 3D Rayleigh—Bénard convection, and show that ghost
states are indeed able to capture pattern dynamics within a chaotic regime.
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